Introduction {#Sec1}
============

Consider an implementation of the Arnoldi algorithm \[[@CR4], [@CR26]\]. Not much meaning can be given to the computed quantities if they deviate too much from the recurrence that underpins the algorithm in exact arithmetic:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} AV_k=V_{k+1}\underline{H}_k,\quad \underline{H}_k=H(1:\!k+1,1:\!k). \end{aligned}$$\end{document}$$Luckily, good implementations, where in particular the orthogonalization is done with care, can be shown to be backward stable \[[@CR3], [@CR8], [@CR10], [@CR21]\] in the sense that the computed quantities $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (A+\Delta A)V_k=V_{k+1}\underline{H}_k. \end{aligned}$$\end{document}$$This means that we can compute a basis of an exact Krylov subspace corresponding to a nearby matrix. Since the basis will in general not be perfectly orthonormal, so $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{k+1}^HV_{k+1}^{}\ne I$$\end{document}$, we use the term "Krylov recurrence" instead of "Arnoldi recurrence" when referring to recurrences like ([1](#Equ1){ref-type=""}), as suggested in \[[@CR24]\]. If *A* is Hermitian, then it can be shown that the computed basis spans a Krylov subspace associated with a perturbed *Hermitian* matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$(k+1)\times k$$\end{document}$ matrix associated with this Krylov subspace is in general not the computed Hessenberg matrix.

In this paper we perform a similar backward error analysis of the shift-and-invert Arnoldi algorithm. For example, we show that an implementation of the Arnoldi algorithm applied to $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (A+\Delta A)^{-1}V_k=V_{k+1}\underline{H}_k, \end{aligned}$$\end{document}$$and we give an upper bound for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \Delta A\Vert _2$$\end{document}$. Perturbed versions of the shift-and-invert Arnoldi algorithm have been considered in the literature as a part of the theory of *inexact methods*, see \[[@CR16], [@CR19]\]. However, these results neglect that the orthonormalization is not performed exactly, and furthermore, assume bounds on linear system residuals that may be unattainable (more on this in Sect. [2](#Sec4){ref-type="sec"}). We consider more general linear system residuals and take the error from the orthonormalization into account. Our analysis of how the orthonormalization errors propagate into the shift-and-invert Krylov recurrence highlights the importance of *columnwise* backward error bounds for QR factorizations, and is thus of a different flavor than the corresponding analysis for standard Arnoldi, done in, for example \[[@CR8]\].

We also use our error analysis to motivate when "breakdown" should be declared, that is, when $\documentclass[12pt]{minimal}
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                \begin{document}$$h_{j+1,j}$$\end{document}$ may be considered to be "numerically zero".

The algorithm we study can be divided into two main subproblems: solving linear systems and orthonormalizing vectors. We state our backward error results in such a way that they are independent of how these subproblems are being solved, but we also discuss relevant and commonly used approaches for solving these two tasks.

Technical outline {#Sec2}
-----------------

We study floating point implementations of Algorithm 1, where *A* is assumed to be of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ is the shift, *b* the starting vector, and *k* is the maximum number of steps we perform. Throughout the paper $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \cdot \Vert $$\end{document}$ refers to the 2-norm.
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                \begin{document}$$\begin{aligned} \text {orthogonalization}(w_j,V_j) := \left[ w_j-V_j\left( V_j^Hw_j\right) , V_j^Hw_j\right] , \end{aligned}$$\end{document}$$which corresponds to classical Gram--Schmidt if implemented as it stands. In floating point arithmetic, orthogonalization routines with better numerical properties, such as modified Gram--Schmidt (MGS), are usually employed.

In the *j*th iteration in Algorithm 1, a new vector $\documentclass[12pt]{minimal}
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                \begin{document}$$v_{j+1}$$\end{document}$. In exact arithmetic, this can be described by the Arnoldi recurrence$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (A-\sigma I)^{-1}v_j = V_kh_{1:\!j,j} + h_{j+1,j}v_{j+1}. \end{aligned}$$\end{document}$$When the corresponding thing is done in practice, however, errors are present in all steps of the computation. First, we need to solve a linear system. If we use a direct solver the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$A-\sigma I$$\end{document}$ needs to be formed. We consider the rounding error in this step as part of the residual from the linear system. This does not affect the norm of the residual significantly, because the rounding error is very small,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\text {float}(A-\sigma I)$$\end{document}$ refers to the computed shifted matrix and *u* is the unit roundoff. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$r_j$$\end{document}$ be the said residual from the linear system, so$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (A-\sigma I)w_j = v_j+r_j \end{aligned}$$\end{document}$$is the actual linear system that has been solved. Then we have the following equality for the computed quantities:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (A-\sigma I)^{-1}(v_j+r_j) = w_j =V_{j+1} h_{1:\!j+1,j} + g_j, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$g_j$$\end{document}$ is an error coming from the orthonormalization process. Defining$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_j = r_j - (A-\sigma I)g_j \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$F_k = [f_1\; f_2\ \cdots \; f_k]$$\end{document}$ yields a perturbed recurrence$$\documentclass[12pt]{minimal}
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                \begin{document}$$g_j$$\end{document}$ in Sects. [2](#Sec4){ref-type="sec"} and [3](#Sec8){ref-type="sec"}, respectively, and provide bounds for both quantities. In Sect. [4](#Sec10){ref-type="sec"}, we use these bounds in order to bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_k$$\end{document}$, and subsequently the backward error for the shift-and-invert Arnoldi recurrence. In Sect. [5](#Sec11){ref-type="sec"}, we explain how the idea of implicit restarting can be used to gain further insight into the backward error. We also discuss in what sense we have Hermitian backward errors if the method is applied to a Hermitian matrix *A*. Finally, we talk about breakdown conditions: in floating point arithmetic, the test if $\documentclass[12pt]{minimal}
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                \begin{document}$$h_{j+1,j}$$\end{document}$ is "small enough". This case is referred to as *breakdown*. A sensible definition of "small enough" is when the quantity is dominated by errors. We discuss this in more detail and derive backward error bounds for this case.

Notation {#Sec3}
--------
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                \begin{document}$$\sigma _{ min }(X)$$\end{document}$ refers to the smallest singular value of *X*. The dagger notation $\documentclass[12pt]{minimal}
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                \begin{document}$$X^\dagger $$\end{document}$ refers to the Moore-Penrose pseudo-inverse of *X*. The lower letter *u* is reserved to denote the unit roundoff if real arithmetic is used, and $\documentclass[12pt]{minimal}
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Errors from linear systems {#Sec4}
==========================

In this section we discuss bounds on the residual $\documentclass[12pt]{minimal}
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Backward error bounds {#Sec5}
---------------------

The normwise backward error associated with a computed solution *y* of a linear system $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert A-\sigma I\Vert $$\end{document}$, since convergence is always from below. Another possibility is to use the (lower) bound in \[[@CR13]\]. We can also bound the matrix 2-norm in terms of the corresponding infinity-norm or 1-norm. The following proposition shows that such bounds can be satisfactory for many sparse matrices, in particular those which can be permuted to banded form.

### **Proposition 1** {#FPar1}
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### *Proof* {#FPar2}
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The inequality ([4](#Equ4){ref-type=""}) can also be used as a stopping criterion for iterative linear system solvers \[[@CR2]\]. In this case, $\documentclass[12pt]{minimal}
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Residual reduction bounds {#Sec6}
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Auxiliary residual bounds {#Sec7}
-------------------------
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The following result yields a family of new residual bounds independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert v_j\Vert $$\end{document}$.

### **Proposition 3** {#FPar5}
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### *Proof* {#FPar6}
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Errors from orthonormalization {#Sec8}
==============================

In this section we are concerned with the orthonormalization error$$\documentclass[12pt]{minimal}
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**Theorem 4** {#FPar7}
-------------
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*Proof* {#FPar8}
-------
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Columnwise backward errors for modified Gram--Schmidt {#Sec9}
-----------------------------------------------------

Our next theorem shows that for MGS, with and without one round of reorthogonalization, $\documentclass[12pt]{minimal}
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### **Lemma 5** {#FPar9}
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The next theorem gives columnwise backward error bounds for MGS with and without one round of reorthogonalization.
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### *Remark 1* {#FPar12}

Suppose the perturbed QR factorization ([9](#Equ9){ref-type=""}) was computed using MGS. Then, by taking $\documentclass[12pt]{minimal}
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Backward error bounds for the shift-and-invert Arnoldi recurrence {#Sec10}
=================================================================
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*Proof* {#FPar14}
-------
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**Theorem 8** {#FPar15}
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If the linear systems are solved up to a normwise backward error $\documentclass[12pt]{minimal}
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**Corollary 9** {#FPar17}
---------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A-\sigma I)^{-1}(V_k+F_k)=V_{k+1}\underline{H}_k$$\end{document}$ be of full rank and assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_k$$\end{document}$ is bounded as in ([15](#Equ15){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\epsilon _1+\epsilon _2=3\epsilon _\mathrm{bw}$$\end{document}$. Then there is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta A$$\end{document}$ of rank at most *k* such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V_k=(A+\Delta A-\sigma I)V_{k+1}\underline{H}_k, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \Delta A\Vert \le \sqrt{k}\Vert A-\sigma I\Vert \kappa (V_{k+1})\kappa (\underline{H}_k)c_{kn}(3\epsilon _\mathrm{bw}), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{kn}(\cdot )$$\end{document}$ is given by ([14](#Equ14){ref-type=""}).

A few remarks are in order.

*Remark 2* {#FPar18}
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*Remark 3* {#FPar19}
----------

If the orthonormalization is done properly, using, for instance, MGS with reorthogonalization, then $\documentclass[12pt]{minimal}
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*Remark 4* {#FPar20}
----------

For the standard eigenvalue problem, shifts are used to find interior eigenvalues, so any sensible shift satisfies $\documentclass[12pt]{minimal}
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*Remark 5* {#FPar21}
----------

In view of \[[@CR6]\], we note that our bounds do not contain the loss-of-orthonormality term $\documentclass[12pt]{minimal}
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The next example shows how Theorem [8](#FPar15){ref-type="sec"} can be used to derive a simple a posteriori backward error bound.

*Example 1* {#FPar22}
-----------
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We implemented the shift-and-invert Arnoldi algorithm in MATLABR2013a. For orthonormalization we used MGS with one round of reorthogonalization. The matrices were stored in sparse format, and the linear systems were solved using MATLAB's "backslash" and lu routines. We took $\documentclass[12pt]{minimal}
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Further topics {#Sec11}
==============

Implicit restarting {#Sec12}
-------------------
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Hermitian backward errors {#Sec13}
-------------------------

We now restrict the scope to the Hermitian matrix eigenvalue problem, that is, when $\documentclass[12pt]{minimal}
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Is it, for a Hermitian *A*, possible to find a Hermitian backward error $\documentclass[12pt]{minimal}
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### **Lemma 10** {#FPar23}
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### *Proof* {#FPar24}
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### *Remark 6* {#FPar27}
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Conditions for breakdown {#Sec14}
------------------------
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If ([6](#Equ6){ref-type=""}) and ([23](#Equ23){ref-type=""}) hold, then$$\documentclass[12pt]{minimal}
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### **Theorem 12** {#FPar28}
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The proof is omitted since it is essentially the same as the proof of Theorem [8](#FPar15){ref-type="sec"}. In a similar manner, we can get corresponding breakdown analogues to Corollary [9](#FPar17){ref-type="sec"} and Theorem [11](#FPar25){ref-type="sec"}.

Conclusion {#Sec15}
==========

We have shown that a floating point implementation of the shift-and-invert Arnoldi algorithm, where errors from all steps of the computation are taken into account, yields computed quantities that satisfy an exact shift-and-invert Krylov recurrence of a perturbed matrix. Here, the word "Krylov" is used instead of "Arnoldi" since the computed basis cannot be guaranteed to be perfectly orthogonal. We saw that the condition number of the computed basis $\documentclass[12pt]{minimal}
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For Hermitian matrices *A*, we have shown that there is a Hermitian backward error $\documentclass[12pt]{minimal}
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Finally, we noted that our error analysis yields a sensible condition for when to declare breakdown. If this condition is met, we could derive a new set of backward error bounds, which show that an invariant subspace of a perturbed matrix has been found.
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